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The development and verification of a one-dimensional material thermal response code with ablation is presented.
The implicit time integrator, control volume finite element spatial discretization, and Newton’s method for nonlinear
iteration on the entire system of residual equations have been implemented and verified for the thermochemical
ablation of internally decomposing materials. The study covers decomposing materials including decomposition
kinetics, pyrolysis gas flow through the porous char layer, and a mixture (solid and gas) energy equation. A
verification problem intended to examine the implementation of the math model is presented for the thermochemical
ablation of a carbon—phenolic ablator that exercises every term in the system of governing equations.

Nomenclature

area

area vector

specific heat at constant volume

activation energy in Arrhenius relationship

= energy transfer rate due to control volume

convection

energy content

specific internal energy

element

energy transfer rate from gas flux

specific enthalpy

heat of formation

= thermal conductivity or preexponential factor in
Arrhenius relationship

= time-dependent domain length

= molecular weight

gas mass flux with grid convection contribution

gas mass content

mass flux

volumetric mass source term

volumetric flow rate vector

heat conduction rate

heat flux

heat flux vector

= residual vector

universal gas constant

= surface recession
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Subscripts

A B, C
c

cs

cv

S L Qg

Superscripts

converged
g.c.

surface recession rate

temperature

time

velocity

superficial velocity

volume

velocity vector

superficial velocity vector
dimensionless relative density
coordinate with respect to instantaneous ablation
front

mass fraction

coordinate with respect to initial ablation front
thermal diffusivity

extent of reaction (degree of char)
initial resin volume fraction

emissivity

Landau coordinate

time rate of change of temperature
permeability

dynamic viscosity

density

porosity

reaction order in Arrhenius relationship

solid composite components
char

control surface

control volume

gas

composite component index
nodal or element indices
initial value

solid

virgin plastic

converged value
globally converged value
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time level
iteration level

<
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I. Introduction

UMERICAL heat transfer and ablation modeling have been

important tools in the design and analysis of rocket nozzles and
reentry vehicle heat shields because they provide a means of
simulating material thermal response including transient heat
conduction, shape change, and in-depth decomposition. Improved
accuracy in the predictions of mass loss and energy transfer related to
thermal protection systems helps reduce vehicle performance
uncertainty and design margin, which could lead to a reduction in
vehicle weight.

In the 1960s, Moyer and Rindal [1] developed a one-dimensional,
finite difference ablation code (charring materials ablation, or CMA)
that employed a translating grid scheme in which the grid was
attached to the receding surface and the overall number of nodes in
the domain would be reduced as mass was removed at the ablating
surface. Moyer and Rindal used a fully implicit time integrator and
lagged the temperature dependent material properties and surface
recession rate at the interior nodes while the nonlinear surface energy
balance was solved iteratively to give the updated surface recession
rate and surface temperature. Explicit integration of the solid energy
equation has also been attempted by Moyer and Rindal during the
development of CMA and, more recently, in a finite volume code by
Suzuki etal. [2]. In 1988, Blackwell [3] presented the control volume
finite element method (CVFEM) for solving ablation problems on
translating/node-dropping grids with a fully implicit time integrator
with which he implemented the Moyer and Rindal approach to
iterating only on the nonlinear surface energy balance.

Later, a contracting grid scheme for one-dimensional ablation was
presented by Blackwell and Hogan [4], in which the relative size of
the grid cells and the total number of cells remains fixed throughout
the problem, and each node translates at a fraction of the surface
recession rate. This eliminates the node-dropping complexity, but
adds a change in energy storage due to cell volume reduction. This
method also has a more logical extension to multidimensional space
as presented by Hogan et al. [5]. Blackwell’s and Hogan’s works also
implemented the CVFEM with a fully implicit time integrator that
again iterated only on the surface energy balance to determine
recession rate. More recent studies on one-dimensional and
multidimensional ablation modeling and application work can be
attributed to Suzuki et al. [6,7] and Chen and Milos [8-11] and Chen
etal. [12].

The current study is a presentation of the development and
verification of a one-dimensional thermal response and ablation code
using the CVFEM, a contracting grid scheme, and fully implicit time
integration. Although the model has been developed for planar,
cylindrical, and spherical geometries with fully implicit and
trapezoidal time integrators, only the process for planar geometries
with the implicit time integrator is presented here. This is a
simplification to show the development, verification, and usability of
the method. The development and verification of the conduction,
capacitance, and grid convection terms as well as the ablation
boundary conditions associated with nondecomposing ablators has
been presented previously by the authors [13]. The current work
concentrates on the verification of the in-depth decomposition
(pyrolysis) and porous flow models. The governing equations are
solved using the Gauss—Seidel segregated solution procedure with
Newton subiteration for the gas continuity and mixture energy
equations. Newton’s method with analytical sensitivities is used to
iterate on the entire system of nodal residual equations to determine
the time-accurate temperature and density dependent material
properties and surface recession rate. Newton’s method is used to
solve the segregated mixture energy and gas phase continuity
equations whereas direct integration of the decomposition kinetics is
used to update the solid density.

The differences or improvements in the current study when
compared with legacy codes include the addition of the gas phase
continuity equation with porous flow, the block Gauss—Seidel

method combined with Newton iteration on the entire system of
residual equations using analytical Jacobian terms to determine time-
accurate nonlinearities, improved decomposition kinetics, and, most
importantly, the verification of the proper implementation of the
model.

Modern software development should include both formal
verification and validation studies to ensure that the model equations
have been implemented correctly and that they properly account for
the physics of the problem being solved. It is the intent of the authors
to show the algorithm development and systematic verification
process that was adopted throughout this code development project
because verification results for similar codes are sparse. As a result,
the physical model presented in this work does not apply to any
specific ablation problem that an analyst or researcher may be faced
with, but the software development approach and novel solution
procedure for this class of problems can be extended to include more
complicated and applicable physics. The results presented in this
paper are a necessary step in the process of developing an ablation
code with more complex physical models. Code developers often
have the tendency to skip directly to “validating” their codes by
comparing them with legacy codes and available experimental data.
However, it should be noted that the first step in the formal validation
process is to verify the implementation of the model [14]. Again,
code verification is what is highlighted in this work and no attempt is
made to validate the physical model by comparing it with
experimental data, although a solution to a real-world problem is
presented.

For brevity’s sake, many of the sensitivity derivations are
excluded from this document, but complete derivation, implementa-
tion, and verification details are presented by Amar [15].

II. Governing Equations

The equations that govern the solid/gas system of the porous
charring ablator include solid energy and continuity equations as
well as the Navier—Stokes equations as applied to all the gaseous
species considered. In general, it is possible that the pyrolysis gases
react among themselves, erode the remaining solid, or deposit
residue (coke) on the solid, but these phenomena are neglected.
Under the assumptions that the pyrolysis gas is a single nonreactive
entity, the kinetic energy of the gas can be neglected, the solid and gas
are in thermal equilibrium, and there is no in-depth energy source,
then the solid and gas energy equations for a moving grid reduce to a
mixture energy equation given by
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and the mixture continuity equation given by
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which is the sum of the solid phase continuity equation:
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Applying the Navier—Stokes momentum equations to flow
through the char layer would require detailed knowledge of the pore
structure, and that information is not known. Instead, Darcy’s law
[16] is used, and it relates the volumetric flow rate (Q) of a laminar
flowing fluid to the local pressure gradient within a fully saturated
porous medium by

Q= —AﬁVP ©6)

The superficial or filtration velocity is the volumetric flow rate
averaged over the cross-sectional area of the medium and is given by

K

" " vp @)
It should be noted that this method can easily be applied to other
porous flow models, but Darcy’s law was used as a first attempt and
will be presented here. The validity of any porous flow model relies
heavily on whether or not a given problem falls within the range of
applicability of the model, which is low Reynolds number porous
flows for Darcy’s law. Also, the accuracy of any model will be
greatly affected by the fidelity of the material properties that are
supplied to it, but accurate material properties are not required to
verify model implementation. The model presented here has been
recently extended by Martin and Boyd [17] to include additional
terms in the porous flow law to extend the applicability to other flow
regimes.

Because the momentum equation for the pyrolysis gases is
assumed to be Darcy’s law, which provides a simple relationship
between the fluid velocity and the pressure gradient, Darcy’s law in
conjunction with the perfect gas law is treated as a closure
relationship for the energy-continuity system of equations with the
following dependent variables: surface recession rate, temperature,
solid density, and gas density. As a result, there is no independent
solution of a momentum equation because this is inherent in the gas
phase continuity equation solution.

The block Gauss—Seidel procedure uses Newton’s method for a
system of nonlinear equations to solve the segregated mixture energy
and gas phase continuity equations. Consequently, a residual
formulation, or A formulation, of the control volume energy and gas
mass balance equations is solved, resulting in the linear system’s
Jacobian matrix, [A] in Eq. (8), being composed of the residuals’
sensitivities to the dependent variables:

[A]Ax = —R 8)

As a result, convergence can be monitored as the correction vector,
Ax, or the residual vector, R, approaches zero. The solid continuity
equation is not solved in this manner and is instead solved through
direct integration of the decomposition kinetics.

The solution procedure for the entire system of governing
equations can be outlined as follows:

1) Iteratively solve the mixture energy equation with nodal
temperatures and surface recession rate as the dependent
variables.

a) Adjust the grid throughout iteration procedure (the
contracting grid scheme implementation is described by
Amar et al. [13] and Amar [15]).

b) Hold the nodal density and gas velocity values constant.

2) Integrate kinetic relationships to solve the solid phase
continuity equation.

a) Use the updated grid and temperature field.

3) Iteratively solve the gas phase continuity equation with nodal
gas densities as the dependent variables.

a) Use Darcy’s law to determine the pyrolysis gas velocity in
the pore space.

b) Hold the solid density, temperature, and recession rate
constant from the previously converged solution of the
energy and solid continuity equations.

This segregated solution procedure in which updated information
is being used as soon as it is available is commonly referred to as the
block Gauss—Seidel method, which converges linearly if
implemented correctly. Steps 1-3 are considered one global
iteration and are repeated until global convergence of the Gauss—
Seidel method is reached. The system is considered globally
converged when no local nonlinear iteration is necessary to converge
the mixture energy equation.

III. Material Model

To complete the explanation of the governing equations, it is
important to understand the material model used to characterize the
state of the solid/gas mixture. It is assumed that all the pores are
interconnected; therefore, pyrolysis gases occupy all of the pore
space and are free to flow through it. Consequently, the density of the
solid/gas mixture is described by

P =P, + 0y ©

where the solid density is a bulk density, the gas density is a true
density, and the porosity is equal to the gas volume fraction.

It is assumed that the thermodynamic state of the pyrolysis gases
can be described by the perfect gas law, and that the solid and gas
phases are in thermal equilibrium resulting in

R
P=p,——T 10
ngg(T) (10)

The solid material model adopted in this study is similar to the
model used in CMA and is consistent with many of the studies
mentioned in the Introduction. The solid bulk density is given by

ps =T(pa + ps) + (1 = T)pc an

where I' is the resin volume fraction in the virgin composite. The
component density terms are not truly densities, but they can be more
appropriately considered component concentrations. Although
using the symbol p to represent the concentrations is misleading, this
nomenclature along with the “density” verbiage will continue to be
used to be consistent with the precedent established by 50 years of
published studies.

It is assumed that the solid does not change volume due to thermal
expansion; therefore, the mixture volume is constant. It is important
to note that the solid description in Eq. (11) is only a modeling
assumption, and the solid is not truly composed of three components
or species. In other words, there are no distinctly distinguishable
materials A, B, and C in a general decomposable resin/binder
composite. This modeling assumption comes as a result of
decomposition data obtained from thermogravimetric analyses. It
has been observed that phenolic resins undergo a two-stage
decomposition process that can be appropriately captured by the two-
resin-component model [18]. The decomposition of the binder
material, which occurs in asbestos and nylon phenolics, is accounted
for in this model, but materials such as silica and carbon phenolics
undergo no binder decomposition. The model has been extended to
include any number of decomposable constituents, but the three-
component model is presented here for consistency with the legacy
model.

It is assumed that all decomposed solid mass results in gas mass
generation, and the general model of the decomposition process is
described by

virgin plastic = char 4 gas

This is a generalized description of the initial and final states of the
system between which there are transitional states at which the solid
can exist. The reaction is irreversible, and the pyrolysis gases are
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assumed to not react among themselves or with the remaining solid in
the pore space.

Taking the temporal derivative of Eq. (11) gives the solid
decomposition rate in terms of component decomposition rates:

dps _ r(aﬂ+aﬁ) + (- (12)
at at

ot ot

It is assumed that the decomposition of each component can be
described by an Arrhenius relationship of the form

. — 0 \Vi
33/;' :—kipvl(u) e EIRT for i— A B, and C  (13)

which applies at a constant spatial location.

Because most thermophysical properties of the solid are only
known for the virgin plastic and fully charred states, the intermediate
solid is modeled as some interpolated state between virgin and char.
This interpolated state is characterized by the extent of reaction (B),
or degree of char, given by

B = Pv— Ps (14)
Py~ Pe

where the virgin and char bulk densities are known constants. It is
evident that, as the solid decomposes from virgin to char, the extent

of reaction ranges from 0 to 1. The definition in Eq. (14) can be
rearranged to more clearly describe the interpolated state:

Ps = (1 - ﬁ)pv + /3/01: (15)

Although the virgin and char materials are not distinguishable
entities within the intermediate solid, Eqs. (14) and (15) reveal that
the degree of char represents an “imaginary” char volume fraction
within the solid (not in the solid/gas mixture). In a similar light,
Moyer and Rindal [1] defined an imaginary virgin mass fraction
given by

P
1—(p, 16
— pc( (pc/ ps)) (16)

Yo =
Pu

which can be related to the extent of reaction through

Yo = (Iov/ps)(l - :3) (17)
Similarly, the char mass fraction is given by

These imaginary parameters are used to determine several solid and
mixture properties.

IV. Property Models

A summary of the thermophysical and thermodynamic properties
that are input parameters is given in Table 1 and a discussion of the
properties required for the solution of the governing equations
follows. The listed functions in Table ] are all tabulated functions of
the designated variable. Tabulated surface thermochemical data is
also supplied to the code for the ablation boundary condition that is
described by Amar [15].

A. Specific Internal Energy, Gas Enthalpy, and Specific Heat Models

The specific internal energy of the mixture will take into account
both the solid and gas phases. The solid specific internal energy and
enthalpy can be found from

ey(T) = hy(T) = yye,(T) + (1 = y,)e(T) 19)

Because the code is supplied with piecewise linear specific heat
functions in the form of tables, e, (T') and e.(T") should be determined
through integration of their respective specific heat tables [15]. The
gas specific internal energy can be found from

Table 1 Thermophysical and thermodynamic property
input parameters

Input parameter Description

C,, (T) Specific heat of the virgin material

C, (T) Specific heat of the char material

Tref Reference temperature for heats of formation
(h$)y Virgin plastic heat of formation

(h'?)c Char heat of formation

(h?) < Pyrolysis gas heat of formation

k,(T) Thermal conductivity of the virgin material
k.(T) Thermal conductivity of the char material
€,(T) Emissivity of the virgin material

€.(T) Emissivity of the char material

hAg (7) Pyrolysis gas enthalpy

M (T) Pyrolysis gas molecular weight

o(B) Porosity

k(B) Permeability

w(T) Pyrolysis gas dynamic viscosity

Consequently, the mixture specific internal energy and enthalpy can
then be determined from

e(T) = yge,(T) + (1 —y,)e,(T) @n
and
h(T) =y ho(T) + (1 =y )h(T) 22)
where the gas mass fraction is defined as
Ve = (9p,/P) (23)

The specific heats can be found in a similar manner and details are
provided by Amar [15].

B. Thermal Conductivity and Emissivity

It is assumed that the virgin and char thermal conductivities and
emissivities are bulk properties of the porous solid, which is a
reasonable assumption because realistic experiments to determine
these properties would be performed on a porous sample. In addition,
it is assumed that the conductivity of the gas can be neglected;
therefore, the mixture property is equal to the solid property. Unlike
internal energy and specific heat, the definitions of thermal
conductivity and emissivity do not inherently suggest a natural
weighting parameter (volume or mass fraction). Both extent of
reaction® and mass fraction [1] have been used in previous studies; a
mass fraction weighting is used in this model. The resulting thermal
conductivity and emissivity expressions are

and
G(T) = yvév(T) + (1 - yv)ec(T) (25)

It is necessary to note that determining thermal conductivity and
emissivity using mass weighted averages of the virgin and char states
is strictly a modelling assumption to apply a physically meaningful
property to the intermediate solid. There are no experimental data to
ensure that these assumptions are correct, but available data are
limited to virgin and char properties and so an appropriate
assumption must be made.

C. Porosity, Permeability, Viscosity, and Molecular Weight

The solution to the governing equations also accounts for variable
porosity, permeability, pyrolysis gas viscosity, and pyrolysis gas
molecular weight, and these properties are determined by linear

SHickox, C. E., “Numerical Simulation of the Thermally-Induced
Decomposition of a Porous Material,” Sandia National Laboratories internal
memorandum, Albuquerque, NM, 1997.
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interpolation in the tabulated functions described in Table 1. Because
the porosity and permeability data are known for the intermediate
solid and both quantities are assumed to have no dependence on
temperature, they are tabulated as functions of extent of reaction and,
beyond interpolation, no further calculations are necessary to
determine these properties.

V. Mixture Energy Equation

The mixture energy conservation equation is given in Eq. (1), and
the discretization of each term is discussed in the subsequent
sections. For both the mixture energy and gas mass conservation
equations, a consistent sign convention is adopted such that

[outflow terms] — [inflow terms] + [rate of change of content]

= [source terms]

For one dimension, Eq. (1) in semidiscrete form for a nodal control
volume becomes

0= (‘.]//A)jJrl/Z - (q.”A)j—l/2 - (¢l0ghgugA)jfl/2
+ (@phouyA)jy1 0 + (PhucA) 1o — (PhUA) 412

d (= d (%
+ 7 / peAdz +E /: j peAdz (26)

Zj

where the energy balance terms can be seen in Fig. 1. Section IV
presented the model for determining thermophysical and
thermodynamic properties of the gas, solid, and mixture that are
necessary for the solution of the mixture energy equation.

When solving the mixture energy equation, nodal temperatures
and the surface recession rate are treated as the dependent variables
whereas nodal values of solid density, gas density, and gas velocity
are constant. The nodal gas velocity is held constant because the flow
work associated with the moving gas is small compared with the
internal energy of the solid. Therefore, recalculating the gas velocity
and its associated sensitivities during every energy equation iteration
would not be expected to accelerate global convergence or reduce
computational time.

For nonablating intervals (when the surface recession rate is zero),
the linear system in Eq. (8) is tridiagonal because the only unknowns
in the residual equations are nodal temperature corrections. The
linear system for a five node domain is given by

bl €1 0 0 0 ATl v+1 dl v
a, bz Cy 0 0 ATZ d2
0 a3 by ¢ 0 AT, =| d, 7)
0 0 a by ¢ AT, dy
4 D4 Gy AT d.

0 0 0 as bs

On the other hand, when the material is ablating, the residual
equations have a nonlinear dependence on the surface recession rate.

J-1 Jj-12 J Jj+12 j+1
i (‘?’,A)F]/z__> S(())lnull;oel I (q”A)j+1/2 i
: S i
i (ph”uA), €T (phun-A),u/z
5 @i ° © ;
i (¢p¥hgu¥A), 1/2__> _@pgh U, A 12
E d j «—rd j
i dv —| — [ pedv
odr _[mpe — dtj ,pc
LUV A S i
—az.,/2 —) —az,/2—)

Az, Az

Fig. 1 Energy balance terms for the control volume surrounding node
J-

The resulting linear system, for the same five node domain, is of the
form

B 0O 0 0 07
€ o As v+ d, 1"
e b| Cy 0 0 0 AT| d]
e, dy b2 (&) 0 0 ATZ _ dz (28)
() 0 as b3 C3 0 AT3 d3
AT, d
0 0 b 4 4
€y ay 4 Cq AT; ds
Les 0 O O as bs|

where the vector e in the first column of the sensitivity matrix
contains residuals’ sensitivities to the surface recession rate. It is
evident that an additional relationship to provide the “zeroth”
residual equation is necessary for the solution of this system, and this
relationship is provided by the ablation model. The discussion of the
ablation models and other boundary conditions for both the mixture
energy and gas phase continuity equations is omitted from this paper
for brevity’s sake, but a detailed discussion is given by Amar [15].

For simulations that have both ablating and nonablating intervals,
the code switches between a tridiagonal solver and a linear system
solver tailored for the system in Eq. (28) to minimize computational
time. Timing study results presented by Amar et al. [13,15] show
that, given the same convergence criteria, solving a problem with the
entire recession rate sensitivity vector is more computationally
efficient than solving the problem with the purely tridiagonal
formulation traditionally used in legacy codes.

An element assembly approach to generating the global sensitivity
matrix entries is used for the mixture energy and gas phase continuity
equations. As a result, each term in the governing equations is
discretized on an element-by-element basis and the appropriate
contributions are made to the nodal control volume residual
equations. Consequently, each element, (e)_ j» has contributions to the
residual equations associated with nodes j and j + 1, as seen in
Fig. 1.

A. Conduction

Fourier’s law is used to model the heat conducted at a control
volume boundary, and the heat conduction rate is given by

— T =T) (29

. dT —k(T)A
Qj+1/2 = |: k(T)A } ( )
j+1/2

dz

where X = X, 12 =Xz, = (Xj; +X;)/2 and X is any quantity.
The elemental representatlon of the heat conduction rate is

0; _IE(T)A[ 1 —1][ T ]
{Q'm}_ Az; [ =1 1 J[Tjn 0

In general, the heat conduction vector is a nonlinear function of
temperature and recession rate because the thermal conductivity
depends on temperature and Az; depends on the surface recession
rate. Therefore an iterative solution procedure is necessary to solve
for the time-accurate nonlinearities. To aid in the iterative process, it
is convenient to linearize the element conduction vector with a
Taylor series expansion in iteration space treating the nodal
temperatures and surface recession rate as the independent variables:

|: Qj :|u+1=|: Qj :|v
Qj+l Qj+1

. . . G v+1

00, 0o, g [ AS

% 9T, 9T

) S AT; NE 31
0041 0041 9Qj4

9 ;. AT,

Performing the required differentiation for planar geometry
(A(z) = 1) gives
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30, kA dAz;
= (T, - T, ) —2
ER Az§( 5= i) ER

00,41 kA 9z,
a—§ - A—ZZ(Tj ~ T 5

J

0B 0T ]
8Tj AZ_,‘ 2/; oT j

. - (32)
99, :k;‘[_l N (TJ_TM)(%) ]
T Az 2k T/ 4
00, =k_A[_1 @ T,-H)(a_k) ]
3Tj Azj 2k aT ;
00,11 _ k_A[1 (- T,-H)(%) ]
aTj+1 AZj 2]; or J+1
where
08 _ Ay, — ) = AP A, (33)
and the Landau coordinate is defined as
n=L—-x)/L)y=(L,—2)/(L,—5)) (34)

Note that, for cylindrical and spherical one-dimensional geometries,
the area variation is a function of position (A = A(z)) resulting in
additional terms in the surface recession rate sensitivities for all the
terms discussed.

B. Grid Convection

The energy transfer rate due to convection of a control volume
boundary is given by

E = (phucsA)jJrl/Z (35)

and the corresponding element convection vector, invoking the
mixture enthalpy definition from Eq. (22), is

[EEj ] =[(@pghy) 12 + ('thx)f*'/z](uc”A)H1/2[ 11] G0
J

j+1

The control surface velocity according to the contracting grid scheme
is given by

(“cs)_/+|/2 = 5’7] (37)

and the sensitivities can be derived in a similar fashion to the
conduction term in Sec. V.A.

C. Gas Flux

For both moving and stationary grid problems, in-depth
decomposition of the material may be occurring, which results in
gas generation and convection within the porous material. The
superficial gas velocity at control volume boundaries is determined
from Darcy’s law, which is given in one-dimensional discrete form at
the control volume boundary as

<P, —P;
== (38)
oAz

Because the permeability can vary several orders of magnitude
between adjacent nodes for some materials, the averaging technique
proposed in this study may not be the ideal approach for all situations
and other methods could easily be implemented. Other averaging
techniques such as harmonic mean approaches have been used for
ablation problems and may be more appropriate for some materials
[19].

The element energy convection vector from gas flux is given by

G, ) 1

and the sensitivities can be derived in a similar fashion to the
conduction term in Sec. V.A.

D. Energy Content and Time Integration

The energy content for an element can be divided into terms
corresponding to each of the two subcontrol volumes within an

element.
E [ pe(T)Adz
~ = ol 40
[E] [/g;“ pe(T)Adz @

The internal energy per unit volume in Eq. (40) can be expressed by a
Taylor series expansion in position about the element center, and the
resulting elemental energy content vector can be expressed as

[ E; ]_ J e+ s = Enadz |
Ej S (e + 52 | (2 — Z;)A dz

=z;

which can be integrated for planar geometries (A(z) = 1) to give

Ej _AAZ‘;[% iiH: (pe); ]
[Em]_ 2 |1 3 (o) (42)

The result is simply a weighted average of nodal values where the
weighting factor matrix is geometry dependent. The time rate of
change of energy content according to an implicit time integrator can
be expressed as

I n+1 I n+1 I n
ale ] ] -l s @
dr Ej4, Ej E, A+l

and the sensitivities can be derived in a similar fashion to the
conduction term in Sec. V.A.

VI. Solid Phase Continuity Equation

Because the solid density gradient in the decomposition region is
known to be much larger than the temperature gradients in the
domain, a finer mesh is necessary for the solution of the solid phase
continuity equation than was needed to solve the energy equation.
CMA and several other studies employ a submesh scheme in which
there are a given number of nodelets (or subnodes) within each
element on which the solid phase continuity equation is solved.
Integrated effects of the nodelet solutions are applied at nodes during
the solution of the mixture energy equation. This method saves a
significant amount of computational time because it avoids excessive
grid points during the mixture energy equation solution. The nodelet
scheme has not been implemented in the current model; therefore,
each governing equation is solved on the same mesh.

Implicit integration of the solid mass conservation equation
through the CVFEM and nodal mass balance equations is not
performed. Instead, the procedure of Moyer and Rindal [1] was
adopted; they directly integrated the kinetic relationships while
accounting for the moving grid. The development of the fixed grid
solid continuity equation solution procedure is presented, and the
moving grid effects are considered afterwards.

A. Solution Procedure
The solid phase continuity equation on a fixed grid is given by

g / p,dV = / v \% (44)
z cv cv

solid mass content solid mass source
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Substituting Eq. (11) into Eq. (44) and knowing that the component
source terms can be volumetrically weighted like the component
densities gives

d
5 [ IMa+ p) + (1= Dpclav
- / (TG} + i) + (1 — Dyi]dV 45)

Because the decomposition of each component is independent of the
other components when coupling effects from the other governing
equations are ignored, the solid phase continuity equation can be
further reduced to component continuity equations given by

;/ P dV=/ m!"dV  fori=A,B, and C (46)
I cv cv

Now there are four equations [Eqs. (45) and (46)] with four
unknowns (o4, g, Pc, and p,), and the procedure is to solve the
component continuity equations and then determine the solid density
as a postprocessing step via Eq. (11). Given the Arrhenius form in
Eq. (13), the finite differential equation analogous to Eq. (46) is

ap;
ot

i

e Vi
=]’ = —kip,, (u) e B/RT fori=A,B, and C

z

Vi

(47)

Because the density history at a given location only depends on the
temperature history at that location, Eq. (47) can be integrated on a
location-by-location basis (accounting for the moving grid) and the
updated solid density can be determined.

B. Integration of Kinetic Equations
Because p,, and p,, are constants, the kinetic equation in Eq. (47)

can be rearranged to give
dw;

= kaw! e E/RT  for i = A, B, and C (48)

where the dimensionless relative density is given by
w; = ((pi = pe,)/ Pv;) (49)

Direct integration of Eq. (48) over one time step while treating
temperature explicitly in time gives

w,-(z;-'“, tn+1) — {[w,'(zj”l, tn)](l—d/,)

— AL = ke BTN for y, £ 1 (50)
and
w1 —Ei/RTEHL
wi(Z;?H, tn-H) — [w,-(z;-’“, t”)]e—ka’ 1 J ) for v, = 1
(G

Equations (50) and (51) were implemented in CMA [1] to integrate
the kinetic equations regardless of the temperature change over the
time interval. They are applied in the current model only if the
temperature at a fixed location remains constant over the time
interval.

An alternative approach to determining the dimensionless relative
densities at time level n + 1 is to assume that the temperature rise rate
over the time interval A#"*! is a constant, ®.

dT —o— T(Z?H, tn+]) _ T(Z}Hl, t")

dr At o

This is consistent with the implicit time integrator’s ability to, at best,
capture a linear temperature rise rate because the method is first
order. With this assumption, integration of Eq. (48) and solving for

w; (), ) gives

wi(Z;lJrl, tn+l) — {[wi(z;t+l’ tn)]l—l//,»

k- o 1 T(Zzg+l_rn+l) Vi1
L@ =D TG e dT}v Cfory#£1 0 (53)
® EAND)

and

Wi ) = exp(m[w,-<z_7+' ]

k- T(z;'“.t”'”)
- 6[ e~ Ei/RT dT) for ¢, =1 54)
T(z’;“.t")

where the integral in Eq. (54) can be evaluated by using exponential
integrals or numerical integration techniques, and Simpson’s rule
was chosen for this study. Because the new dimensionless relative
densities are known, the component densities can be determined via
Eq. (49) and the solid bulk density can now be determined.

Because problems are solved on contracting grids for which the
spatial coordinate of each node changes whereas the Landau
coordinate of each node is fixed, it is necessary to determine
temperature and dimensionless relative density profiles at the
previous time level and current nodal locations (T(z;‘“, ") and
w,»(z’;+1 , ")). Because properties are assumed to vary linearly within
elements, linear interpolation in the old (time level n) profiles is used
to calculate these properties.

VII. Gas Phase Continuity Equation

The gas mass conservation equation is given in Eq. (4) and, for one
dimension, its semidiscrete form for a nodal control volume is

d Zj d %
0=3 [ oprde+ 5 [ opAdz— Gp)
Zj-1 Zj

+ (Do ueA) ji1/2 T (DO UA) j—1/2 — (PP UGA) 1172
" Adz — / 7 A dz (55)

-1 %

and the gas mass balance terms can be seen in Fig. 2.

A. Grid Convection and Gas Flux

The gas flux and grid convection terms are treated simultaneously
for the gas phase continuity equation because there is not the
complexity of two phases in the grid convection terms that there was
in the mixture energy equation. The combined gas flux and
convection terms for the j 4+ 1/2 boundary in element vector form
are given by

M; 1
|:M.]1 :| = [¢'pgA(ug - ucs)]j+1/2|:_1 i| (56)
J+
j-1 j-12 j j+12 j+1
VU Control i
i -L,. m,dV ——> v::l’:":’e «— J.:,mng :
1 «— i
(9p,,4) ., «1— (op,u,4). .,
¢ (©);.1 ¢ © Q
(¢pxu#A),>1/2__) —(;pguyf\)m/z
i d (= — . :
] — | p— d <j
odr L/ﬂpgd‘/ e Ej:jtppng
—25,/2—) k— ap2—
Azj,, } Az,

Fig. 2 Gas mass balance terms for the control volume surrounding
node j.
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Introducing the superficial velocity found from Darcy’s law in
Eq. (38) gives

I :
|:M J :| = p Alu, — ¢(”cs)./+1/2]|:—li| oD

where
Pu, = u, (58)

Linearizing the gas mass flux vector in iteration space according to a
Taylor series expansion treating the nodal gas densities as the
independent variables gives

C o y
Mjy, M,

am; ;| -
R | I R (59)
My My A(pg)jJrl

Apg)j  ¥(pg)js1

where the sensitivity matrix entries are

oM, A3l = ) + gy |
u Ues
AP AT PG,
M ; u,
8(7] :A{E[u ¢(u<.s)/+|/2] + Ioga £ }
/0§)j+1 (p g)]+l (60)
oM A{l[ Bl + duy }
= Al Ueg
iy, 2 TRy,
oM {1 - _ Oug }
——=—A{Ju, — d(u.); + Py
a(iog)./‘+l 2[ ¢ ¢( )]H/Z] pga(Pg)/+1
Substituting the equation of state into Darcy’s law gives
o (.
a(pg)_, _ KR Mg j (61)

0wy | A _(l)
0(0g) 41 M,/ j+1

B. Gas Source
The element mass source vector is given by

Mj _jw ///A dz
- - = 7 62
[Mj+1 } [ j~]+l ///A dz} ( )

where the negative sign is for consistency with the established sign
convention. The source term at any location can be determined by a
Taylor series expansion in position about the element center, and the
resulting gas mass source vector is

~ Mj . f:[ ///+ ag
MjJrl - f~/+ [m/// dm"

Because it is assumed that all solid decomposition results in gas
generation, the nodal gas mass source terms can be determined from

oo, (= F)Ad: } )
=z (2—Z)]Adz

(m///)n-H (m///)n+1 — —[T(m;{/ + m/é/) + (1 _ r)m/// n+1 (64)
Consequently, the spatial derivative of the mass source term at the

element center can be determined from a central finite difference, and
the gas mass source vector can be integrated for planar geometries to

give
[ M Ay i}[ (’hg’);‘]
[M_/+1]_ 2 [ T AL 0 ()

IS

It is evident that the mass source vector has no dependence on nodal
gas density and, as a result, the mass source term has a residual vector
contribution but no sensitivity matrix contributions.

C. Gas Mass Content and Time Integration
The element gas mass content vector is given by

[ M, - [f" ¢pgAdz} 6

f~/+l ¢,0gA dZ

A Taylor series expansion about the element center can again be used
to determine the gas bulk density at any point. Integrating the
resulting content vector for planar geometry gives

M, AZJ 10 %¢'+1i||: (pg); j|
[Mjil] |: ¢]/ %d’_jj-H (Pg)j+| ©7

The time rate of change of gas mass content according to an implicit
time integrator can be expressed as

o et 7 ! o n 1
R AR
de [ M., M, M. Ar

and sensitivities can be derived in a similar fashion to the combined
gas flux and convection term in Sec. VILA.

VIII. Verification Results: Thermochemical Ablation
of a Decomposing Material
A. Problem Statement

Because the correct implementation of most of the energy
equation terms and boundary conditions have been previously
verified (see Amar et al. [13] and Amar [15]), the decomposing
material thermochemical ablation problem is intended to verify the
implementation of the gas phase continuity equation in addition to
the pyrolysis gas effects in the mixture energy equation. Because of
the difficulty in determining an analytical solution, Richardson
extrapolation [15] is used to approximate the exact solution, and the
global convergence rate and nonlinear convergence rates of the
mixture energy and gas phase continuity equations are determined.

Consider a 0.5-in.-thick planar slab of carbon—phenolic (with
material properties given by Amar [15]) that is subject to a typical
heating profile characteristic of a ballistic sphere—cone reentry body.
The Stanton number is corrected for both hot wall and blowing
effects, and the surface is subject to a far-field radiation condition for
which the source temperature is 414.0°R and the emissivity is
constant (¢ =0.85). The back boundary is adiabatic and
impermeable, and the time-dependent specified surface pressure is
provided by the aerodynamic heating boundary-condition input.

B. Grid Refinement Studies

The domain was discretized with a series of four grids with
At/ Az% = constant, and the grid parameters can be seen in Table 2.
More details on the motivation behind the refinement methodology
are given by Amar et al. [13,15]. Because the solid continuity
equation is solved by the direct integration of the decomposition
kinetics, it is not obvious how its solution and, consequently, its
coupling with the other governing equations will behave as the mesh
is refined. As a result, an alternative procedure to the previous

Table 2 Parameters for carbon—phenolic thermochemical
ablation problem grid refinement study.

Grid No. of elem. Az, in. At, s
Coarse 50 0.01 0.1
Medium 100 0.005 0.025
Fine 200 0.0025 0.00625
Extrafine 400 0.00125 0.0015625
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verification problems [13,15] was used to isolate the mixture energy
and gas phase continuity equations from the solid phase continuity
equation solution. The procedure is as follows:

1) Solve the problem on the extrafine mesh until a problem time
of t =25 s is reached.

2) The conditions found at t =25 s can then be used to
reinitialize the problem on the entire series of grids. This
results in the following: nonuniform initial profiles for all
variables of interest, a contracted grid, and reinitialization
while ablation is occurring.

3) Verify the mixture energy equation.

a) Integrate over 0.1 s (restarting at r = 25 s) for the entire
series of grids, only advancing the mixture energy
equation in time while holding all other terms constant.
i) Integration over a small time interval reduces errors

associated with inconsistent nodal locations from mesh
motion.

ii) The result is as revealing as integrating over a long time
interval if all the relevant terms are being employed,
which is ensured by the nonuniform initialization.

b) Perform Richardson extrapolation at  =25.1 s on the
surface temperature, recession rate, and back face
temperature. The results showing the second-order grid
convergence can be seen in Fig. 3.

4) Verity the gas phase continuity equation.

a) Integrate over 1.0 s (restarting at t = 25 s) for the entire
series of grids, only advancing the gas phase continuity
equation in time while holding all other terms constant.

b) Perform Richardson extrapolation at r = 26.0 s on the
surface gas flux, an interior gas density value at a
consistent spatial location, and the back face gas density.
The results showing the second-order grid convergence
can be seen in Fig. 4.

i) An interior location is chosen for Richardson
extrapolation on the gas density because the surface
gas density is specified through the boundary
conditions. z = 1.07 x 1072 in. is the position of the
first interior node on the coarsest mesh, which has a
collocated node on each of the finer meshes.

ii) Integration over a longer time interval was performed
because the mesh does not contract during the solution
of the gas phase continuity equation. Therefore, errors
associated with inconsistent nodal locations will not
exist when verifying the gas continuity equation.

C. Nonlinear Convergence Studies

For the mixture energy equation, the error metric used to
determine the nonlinear convergence rate is the error in recession rate
and is given by

(error)” = (S',)v _ (S',)c()nverged (69)

The error metric for the gas phase continuity equation is the relative
L, norm of the density correction vector:

(GITOr)V = (Lz)v _ (Lz)converged (70)

The convergence rates are shown in Figs. 5 and 6, and the results
follow the second-order trend line.

The block Gauss—Seidel method used to solve the entire system of
governing equations is expected to exhibit linear convergence.
Because the solution procedure achieves coupling through iteration,
information can only be used as soon as it is updated and a smooth
convergence curve should not be expected. To examine the global
convergence, it is necessary to view the problem in global iteration
space as opposed to local (Newton) iteration space. Let the iteration
index (v) now represent the global iteration. Because the solution
globally converges to the exact solution plus some discretization
error, the difference between the locally converged solution at a
given global iteration (X") and the globally converged solution (X*<)
is used as the error metric.
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Fig. 3 Mixture energy equation grid convergence results for the

carbon—-phenolic thermochemical ablation verification problem.
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Fig. 4 Gas continuity equation grid convergence results for the

carbon—phenolic thermochemical ablation verification problem.
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Fig. 5 Nonlinear convergence of surface recession rate for the carbon—
phenolic thermochemical ablation verification problem.

(error)” = XV — X&¢ (71)

The global convergence rates of the surface recession rate and gas
density are shown in Fig. 7, whereas the global convergence rates for
the surface temperature and solid density are shown in Fig. 8. It is
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Fig. 6 Nonlinear convergence of the gas continuity equation’s L,-error
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Fig. 7 Global convergence rate for the surface recession rate and gas
density where v is the global iteration index.

First-Order Ref.
——e&—— Error in Surface Temperature
----4---- Error in Surface Solid Density

10"

10" .-

10" 1 1 1 1 1 1 J

10™ 10 10° 10° 10° 10? 10° 10?
(error)

Fig. 8 Global convergence rate for the surface temperature and solid

density where v is the global iteration index.

important to note that the surface gas density only changes with
surface temperature because the boundary pressure is known from
the boundary conditions. As a result, the surface gas density and
temperature will always converge to machine precision in the same
number of global iterations. On the other hand, the surface solid

density reaches global convergence in fewer iterations and
experience has shown that this is generally the case.

D. Code-to-Code Comparison

Although code-to-code comparisons are not part of the formal
verification process, comparisons with established codes were
performed to see how the improved scheme changes the final
solution. The carbon—phenolic thermochemical ablation problem
was solved on the medium grid in Table 2 using both CMA and the
code developed during this study. Although CMA is capable of
integrating the decomposition kinetics on a finer mesh than is used to
solve the mixture energy equation, this option was not exercised to
make a more direct comparison. It is also important to note that the
primary differences between the two codes for this simulation are as
follows:

1) CMA iterates only on the surface energy balance and lags
temperature-dependent properties and the surface recession rate for
the interior node solution whereas the research code iterates on the
entire system of residual equations to determine time-accurate
nonlinearities.

2) CMA uses a translating/node-dropping grid scheme, and the
research code uses a contracting grid scheme.

3) CMA uses a lumped capacitance method, and the research
code uses a distributed capacitance method.

4) CMA assumes that all gas generated further in depth than a
given node passes that node in the time interval in which the gas was
generated and the flow work is taken into account. The research code
allows internal pressure gradients to drive the flow of pyrolysis gases
through the pore space.

5) CMA does not account for the gas phase internal energy in the
energy capacitance term, and the research code does account for the
gas phase internal energy.

6) CMA decomposition kinetics are explicit in temperature
whereas the research code assumes a constant temperature rise rate
over the time step.

The comparisons of the predicted surface temperature and
recession rate histories can be seen in Figs. 9 and 10, respectively.
Because of the number of numerical differences between the codes
and the number of physical phenomena that are being modeled
throughout the solution procedure, it is difficult to discern what
modeling differences between the two codes are causing the
discrepancy in the solutions. From these results, it is evident that
CMA s pyrolysis gas assumptions, described in list items 4 and 5, are
valid because including the porous flow solution (as is done in the
research code) does not significantly change the mixture energy
equation solution. This suggests a dominantly one-way coupling
between the mixture energy equation and the gas phase continuity
equation, which is expected because gas velocities are low and the
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Fig. 9 Comparison of surface temperature predictions for the carbon—
phenolic thermochemical ablation verification problem.
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heat capacity and thermal conductivity for gases are generally much

lower than they are for a solid.

E. Porous Flow Results

One of the primary goals of this study is the implementation and
verification of the gas phase continuity equation with porous flow
assumptions to predict in-depth pressure in a charring ablator.
Figures 11-15 show profile histories for several properties in the
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Fig. 11 Temperature profile history for the carbon—phenolic

thermochemical ablation verification problem.
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Fig. 14 Solid decomposition rate profile history for the carbon-—
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Fig. 15 Porosity profile history for the carbon-phenolic thermochem-
ical ablation verification problem.

charring carbon—phenolic ablator, including pressure, which is
predicted by solving the gas phase continuity equation with porous
flow assumptions. It is evident that the solid density, pressure, and
solid decomposition (or gas generation) rate profiles have steep
gradients when compared with the temperature profile. This suggests
that if a submesh scheme is implemented, as was done by Moyer and
Rindal [1], then both the solid and gas phase continuity equations
should be solved on the submesh.
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Fig. 16 “Extent of reaction” profile history for the carbon-phenolic
thermochemical ablation verification problem.

It should be noted that the gas density field was initialized with a
trace amount of pyrolysis gas in the pore space to avoid numerical
problems once the gas continuity equation begins to be solved. A
study was performed to see the solution’s sensitivity to this
initialization value, and it was found that the solution was nearly
unaffected as long as the value was a few orders of magnitude smaller
than the gas density levels present once decomposition begins.

The initial condition that would best represent reality is difficult to
determine because it depends on a vehicle’s ascent and time spent in
low-pressure conditions outside of the Earth’s atmosphere.
However, because the pore space was initialized to near-vacuum
conditions, the initial pyrolysis sends gas both toward the surface and
to the impermeable back face where a pressure rise is evident, as seen
in Fig. 13.

Figure 16 shows that ablation begins to occur before the surface
solid becomes fully charred, meaning that there is still
nondecomposed resin in the solid. This creates a discrepancy
because the surface thermochemical solution assumes that the solid
participating in the reactions is fully charred. According to the
decomposition kinetics, it takes an infinite amount of time for the
composite to decompose to its char state. As a result, to ensure that
the thermochemistry data is accurately describing the surface
ablation phenomenon, a tolerance in the vicinity of the char density
could be implemented with which the solid density is automatically
adjusted to the char value once this tolerance has been reached. This
method is implemented in CMA, but it adds the additional
complication of accounting for this mass when solving the gas phase
continuity equation.

IX. Conclusions

A one-dimensional charring ablator thermal response code with
pyrolysis gas flow has been developed and verified to exhibit second-
order spatial accuracy for the thermochemical ablation of a
decomposing material. Newton’s method for the entire system of
equations has been implemented and has also been verified to exhibit
second-order nonlinear convergence rates for both the mixture
energy and gas phase continuity equations. In addition, the block
Gauss—Seidel method has been shown to converge linearly for the
global system of equations. The model has shown good agreement
with CMA, but it also includes several improvements in the solution
procedure, which include the calculation of time-accurate
nonlinearities, the improved integration of decomposition kinetics,
and the prediction of pyrolysis gas flow and pore pressure.

The model presented in this study can be improved by adding
more complicated physical models that could more accurately
predict the thermal response of some ablators. This could include the
implementation of a surface thermochemical model that would allow
for finite rate reactions instead of assuming thermochemical
equilibrium at the surface, as was done in this study. The assumption
of in-depth thermal equilibrium between the solid and pyrolysis gas

could also be eliminated by the addition of a second energy equation.
There are also other material-specific models that could be included.
For example, some materials exhibit coking phenomena, which is
when the pyrolysis gases deposit residue in the char layer and change
the density and chemical profile. Also, silica-based materials are
known to form melted glass that could flow along the surface at
certain conditions. However, the addition of such models could still
be verified with the procedure outlined in this paper.

It should again be emphasized that verification is a necessary step
in any code development process. It aids in the identification of both
derivation and coding bugs that could affect the accuracy and
performance of a code. Although the model presented in this code
does not account for all the physics of every ablative material, the
solution technique and verification process can be extended beyond
the scope of the equation set presented here.
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